We present several approaches for orders-of-magnitude enhancement of optical nonlinearities in specially engineered nanostructures containing graphene and other 2D materials and illustrate how they apply to second-and third-harmonic generation in such 2D-3D photonic heteromaterials. Applications to active photonic devices, such as nonlinear optical gratings, are discussed as well.
INTRODUCTION
Remarkable optical and electrical properties of graphene [1] and other two-dimensional (2D) materials provide significant potential for novel optoelectronic applications and devices, many of which depend on nonlinear optical effects in these 2D materials [2, 3] . In this paper, we will introduce and discuss some recent results [4, 5] pertaining to nonlinear optical effects in nanostructured bulk optical media containing homogeneous or nanopatterned 2D materials.
We will first introduce and briefly outline some theoretical concepts and methods widely used in the study of optical properties of periodic structures and photonic devices, such as metamaterials, diffractive optical elements, and plasmonic structures. In particular, we will explain how the mathematical formulation of these methods can be extended to incorporate quadratic and cubic nonlinear optical effects in 2D materials, a key feature that makes these methods powerful tools for the exploration of nonlinear optical effects at the nanoscale. In the second part of this paper, we will illustrate how these tools can be used to design nonlinear photonic devices with new functionalities and explore new, intriguing nonlinear optical effects at deep subwavelength scale. To this end, we will present several physical mechanisms which lead to ordersof-magnitude enhancement of optical nonlinearities in specially engineered optical structures containing 2D materials.
More specifically, we demonstrate strongly enhanced nonlinear optical interactions in periodically patterned photonic nanostructures via a so-called double-plasmon-resonance phenomenon.
THEORETICAL CONCEPTS AND NUMERICAL METHOD

Linear and nonlinear optical properties of 2D materials
As it is well known, the linear optical property of most of 2D materials are generally frequency-dependent. For instance, the linear surface conductivity of graphene is described by the Kubo's formula. Within the random-phase approximation [6, 7] , this formula contains an intra-band part, described by a Drude model, and an inter-band part, which can be neglected at terahertz an mid-IR frequencies:
The intra-band part can be written as: 
The set (i,j,k,l) contains the indices repeated over the coordinate components (x,y,z), and 
As it is known, due to the centrosymmetry of graphene lattice, the second-order generation (SHG) is forbidden in a uniform graphene sheet. However, some recent results [10, 11] show that SHG is allowed in graphene nanostructures, if the centrosymmetry property is broken. Alternatively, in the presence of a non-uniform electromagnetic (EM) field distribution in a graphene nanostructure, SHG can arise from a nonlocal contribution. As discussed in Refs. [10, 11] , the nonlocal contribution originating from the non-uniform distribution of the EM field can be expressed by a third-rank conductivity tensor described by a single scalar function,
The associated SH surface current density originating from the nonlocal effect is written as:
where
In addition, if a graphene structure is placed on top of a substrate, the centrosymmetric property is broken as well [12] [13] [14] [15] [16] [17] , because at the interface the top/down regions areno longer identical. Importantly, it has been shown that the effective second-order susceptibility of graphene nanostructures can be several orders of magnitude larger than that of optical materials with strong quadratic nonlinearity [13, 14] , such as GaAs.
Numerical method for modelling the linear and nonlinear optical response of structured 2D materials
In this paper, we utilize an in-house developed generalized-source (GS) FDTD (GS-FDTD) method to study the linear and nonlinear optical response of graphene nanostructures. In this new method, a nonlinear simulation is implemented as two separate linear FDTD simulations. In the first linear simulation one uses a regular (plane wave) linear source, whereas in the second linear FDTD simulation we use as excitation a nonlinear generalized source (GS), which is generated at the first linear simulation. The basic steps to implement the GS-FDTD method can be briefly summarized as follows.
Step 1: Linear simulation at fundamental frequency In the first linear FDTD simulation, we assume there are only linear materials in the computational region, and excite this linear system with a linear source (such as a plane-wave source) at fundamental frequencies (FFs). Based on the ADE-b)
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Insulator FDTD method [18] , we calculate the time-domain (TD) near-field distribution at FF by using this first FDTD simulation.
Step 2: Evaluation of the nonlinear generalized source Before launching the second linear FDTD simulation, which would be excited by a nonlinear generalized source rather than a linear source used in the Step 1, we firstly need to evaluate this nonlinear current GS via either (4) or (6) . In particular, we can use (4) to calculate the third-order current density in graphene, which would be incorporated into the second linear FDTD simulation as a nonlinear current source.
In (4), the nonlinear current density is determined from the frequency-domain (FD) near-field at fundamental frequencies. To this end, the TD near-field distribution at FF obtained at Step 1 is firstly converted into the frequency domain using the discrete-time Fourier transformation (DTFT). Subsequently, we substitute these fields into (4) to evaluate the FD nonlinear current density. In order to incorporate these nonlinear current sources into the second FDTD simulation, an inverse DTFT is applied to transfer these FD nonlinear current sources into time domain. Here, we note that the number of frequency sampling points in above Fourier transformation should strictly fulfill the Nyquist-Shannon sampling theorem, so that the final TD nonlinear current source can be recovered accurately via the inverse Fourier transformation.
Step 3: Linear simulation at higher-order frequency In the second linear FDTD simulation, we again assume that the entire computational domain only contains linear materials. But different from the first linear FDTD simulation (Step 1), in the second linear FDTD simulation the sources are the time-dependent nonlinear current sources obtained at Step 2 rather than linear sources used in Step 1. In this way, we can accurately evaluate how the nonlinear optical field interacts with the 2D materials at high-order harmonic frequencies. Employing these nonlinear EM fields, we can finally compute the intensity of SHG or THG.
Here, we should note that the second linear FDTD simulation can actually be performed using the linear and nonlinear sources simultaneously, to make the setup of the numerical simulation more closely emulating real-world experiments. However, from our previous work [5, [19] [20] [21] , we find that in most cases the nonlinear response is extremely weak, as compared to the linear excitation signal. Thus, the nonlinear response can very easily get buried within the noise spectrum of the linear excitation signal, if we introduce the linear source into the second FDTD simulation. For this reason, in this paper the second linear FDTD simulation is stimulated using solely a nonlinear current source.
NONLINEAR ENHANCEMENT BASED ON PLASMONIC RESONANCE
In this section, we will introduce and explain a double-resonance enhancement mechanism, and then discuss how to use it to enhance the nonlinear optical response of graphene. In order to form a strong plasmonic double-resonance, a singlelayer of graphene nanoribbons (GNRs) and a 3D GNRs-Insulator-GNRs (GIG) nanostructure are used here. Their geometric configurations are depicted in Fig.1 .
Enhancement of third-harmonic generation via plasmon excitation in graphene gratings
To begin our analysis of THG in graphene gratings, let us consider the single-layer graphene nanoribbons (GNRs) grating depicted in Fig. 1a . The incoming light is normally incident onto this grating and its electric field is linearly polarized along the y-axis. Employing the GS-FDTD method described in previous section, we calculated the linear spectral response (reflectance R, transmittance T, and absorption A) and TH intensity of this grating, the results being presented in the left panel of Fig.2 . These spectra show a series of interesting and important features. First, it can be seen that both the optical absorption and TH intensity spectra have a series of spectral resonances, which in both cases are located at the same resonance wavelengths. Second, the intensity of the corresponding spectral peaks decreases with the wavelength. Moreover, because graphene can be modelled as an infinitely thin metallic sheet, we can conclude that these resonances and the associated enhancement of the local field at the FF are owing to the excitation of SPs on GNRs. In order to further validate these conclusions, we have determined the field profile of the local optical field at the FF and TH, the results being summarized in the right panel of Fig. 2 . These plots unambiguously demonstrate the excitation of localized graphene SPs at the resonance wavelengths, as the main features of such surface optical modes are clearly illustrated by these field profiles. Thus, it can be seen in the right panel of Fig. 2 that the linear and nonlinear optical fields are strongly confined at the surface of the graphene ribbons, the degree of confinement increasing as the resonance wavelength decreases. Moreover, it can be seen that as the order of plasmon mode (resonance) increases, the number of local maxima of the field profile increases, which is one of the characteristics of a family of optical modes supported by a confined optical structure. The optical spectra presented in Fig. 2 suggest there is a convenient way to design diffraction gratings based on GNRs for enhancement of the THG and other nonlinear optical interactions. Thus, we engineer the spectral resonances of GNRs via varying the width to ensure that the resonance wavelength of the fundamental plasmon coincides with the wavelength of the incoming beam, whereas the wavelength at the TH coincides with one of the resonance wavelengths of the higherorder plasmons. In this case, GNRs will be efficiently excited at the FF to result in a strong field enhancement at this frequency, and will radiate effectively at the TH, because there is a plasmon resonance at the TH as well. To design such an optimized structure, we first calculated the dispersion map of the absorption of GNRs, whose absorption spectra are width-dependent. The results of these calculations, presented in Fig. 3a , suggest that it is indeed possible to engineer a GNR with the desired property. To be more specific, for W=85 nm, the GNRs supports a plasmon mode at the FF corresponding to λFF =9.03μm and a third-order plasmon mode at λTH =λFF/3 =3.01μm. In order to verify that enhanced THG is achieved when the double-resonance condition is satisfied, we have computed the dispersion map of the TH intensity of this GNRs, as presented in Fig. 3b , together with the dependence of the TH intensity on the width of the GNRs, determined for the resonance wavelengths of the fundamental plasmon, which is shown in the inset of this figure. An important result illustrated in Fig. 3b is that the excitation of graphene plasmons at the FF induces a large increase of the intensity at the TH via local field enhancement, as it is clear from the location of the spectral resonance bands in Fig. 3b . However, more importantly, the plot shown in the inset of Fig. 3b proves that a further enhancement of the TH intensity occurs when the double-resonance condition holds. To be more specific, it can be seen that a maximum intensity of the TH is achieved when W=85 nm, that is exactly at the width at which there is a plasmon mode at both the FF and TH.
Enhancement of third-harmonic generation via plasmon excitation in bi-layer graphene gratings
Further THG enhancement can be achieved if one employs two optically coupled graphene gratings, that is in GNRsInsulator-GNRs (GIG) nanostructures. More specifically, the physical structure of GIG considered in this study consists of two-layer graphene ribbons, and it is depicted in Fig. 1b , where the two graphene gratings are placed onto the top and bottom facets of a spacer made of glass with relative permittivity, ϵ = 2.25. In our design, the two grating periods are, Λ 1 = 100 nm and Λ 2 = 50 nm. The chemical potential of graphene is 0.6 eV, the carrier relaxation time is 0.25 ps, and the temperature is 300 K. The widths (W1, W2) of GIG and the thickness (H) of the spacer are the parameters that we optimized to achieve a so-called double resonance [5] , that is to have a plasmon mode at the fundamental frequency and also a plasmon mode at either the SH or TH. We begin our analysis by first considering only the top GNRs but engineering the width (W1) of the bottom GNRs to achieve a double resonance at TH. As illustrated by the red line in Fig. 4a , the bottom GNRs supports a series of plasmon resonances, seen in this figure as strong peaks. Moreover, there is a strong peak emerging exactly at a third of the resonance wavelength of the first-order plasmon resonance, when W1=83 nm. From this result, it can be inferred that a double plasmon resonance is achieved at this specific width for a single-layer GNRs. In order to further enhance the THG via this double resonance, we place another GNRs on the top of the glass substrate, and calculate its linear absorption spectra at different widths (W2). From the green line in Fig. 4a , it can be seen that the first-order plasmon resonance of top GNRs at W2=11 nm coincides with a third of the resonance wavelength of the first-order plasmon of the bottom GNRs.
Thus, to summarize our approach, the bottom GNRs have an intrinsic double plasmon resonance, meaning the wavelength of the third-order plasmon is a third of that of the fundamental plasmon, whereas additional THG enhancement is provided by the top GNRs, for which the wavelength of the fundamental plasmon is equal to a third of that of the fundamental plasmon of the bottom GNRs. Note that the same procedure can be used to design a GIG for enhancement of SHG, too. Importantly, the same GIG optimized for enhancement of THG can be used to enhance the SHG as well, by simply tuning the gate voltage applied to the top GNRs, as shown in Fig. 4b . In particular, by decreasing the Fermi energy of the top graphene grating from 0.6 eV to 0.3 eV, the resonance wavelength of the first-order plasmon of top GNRs is increased from λ0/3 to λ0/2, where λ0 is the resonance wavelength of the first-order plasmon of the bottom GNRs. The design ideas for simultaneous enhancement of SHG and THG are validated by the nonlinear spectra plotted in Fig.  5 . Thus, the single-layer GNTs optimized for enhancement of THG, namely a grating possessing an intrinsic double resonance as reported in [5] , has period Λ1=100 nm and width W1=85 nm. It can be seen from Fig. 5a that, as compared to a uniform graphene sheet, the THG in this single GNRs is more 6 orders of magnitude larger. By adding a top GNRs that has a first-order plasmon resonance at the TH, the THG in this GIG structure is enhanced by an additional factor of about 44, and thus by more than 8 orders of magnitude as compared to a uniform graphene sheet. Importantly, this same GIG grating can be used to enhance the SHG as well, by tuning the chemical potential from 0.6 eV to 0.3 eV. This is illustrated in Fig. 5b , where we present the SHG spectra corresponding to the bottom GNRs and the GIG structure tuned to achieved maximum SHG intensity. More specifically, it can be clearly seen from this figure that the SHG in the GIG structure is enhanced by a factor of about 45, simply by tuning the gate voltage.
CONCLUSIONS
To summarize, we have demonstrated that giant enhancement of THG and SHG can be achieved in graphene multilayer gratings by simply tuning the spectral location of plasmon resonances. In particular, enhanced THG can be achieved in a grating optimized so as to support a fundamental plasmons at the fundamental frequency and higher-order plasmons at second-or third-harmonic. We also demonstrate that additional enhancement of the nonlinear optical response can be achieved in optically coupled graphene gratings designed in such a way that one grating supports fundamental plasmons at the fundamental frequency, whereas the other one supports fundamental plasmons as well, but at the higher-harmonic. Importantly, the enhancement of the nonlinear optical response via excitation of double plasmon resonances can be extended to other photonic structures, such as distributions of metallic wires [22] and all-dielectric optical diffraction gratings [23] .
